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Abstract

Transmission system operators face a variety of discrete operational decisions, such as switching of
branches and devices. Incorporating these decisions into optimal power flow (OPF) results in mixed-
integer non-linear programming problems (MINLPs), which can’t presently be solved at scale in the
required time. Various linearizations of the OPF exist, which can be leveraged to find integer decisions,
but often result in poor or infeasible integer actions. This paper introduces the use of modeling to
generate alternatives (MGA) to find alternative solutions to the linearized problems, reducing the
chance of finding no AC feasible solutions. We test this approach using 13 networks where the DC
linearization results in infeasible integer decisions, and MGA finds a solution within 60 seconds in
all cases (taking into account all stages including AC validation). This demonstrates that MGA can
improve the reliability, and hence usability, of mixed integer linearized formulations. However, we find
that the choice of search function strongly affects the success of finding an AC feasible solution.
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Nomenclature

Decision variables

pg Device power consumption/generation (MW)
pe Line power flow (MW)
¢; Voltage angle at bus i (radians)
z. On/off status of branch e
zy, On/off status of device g
Parameters

Cq Cost of device g (3/MW)

be Susceptance of branch e

M Large number

non,  Number of connected branches

nors Number of disconnected branches

Be (Random) weighting applied to branch e

Tolerated increase in objective function ($)

E;

Sets
Branches with origin connected to bus ¢

E; Branches with destination connected to bus i
E,s¢ Branches which are turned off
FE,, Branches which are turned on
G; Devices connected to bus ¢
Gofs Devices which are turned on
G,, Devices which are turned on
Notation
e,  Bus origin of branch e
eq  Bus destination of branch e
max

min

*

Maximum value
Minimum value
At the current optimal solution



1. Introduction

This paper investigates the use of modeling to
generate alternatives to increase the robustness
of linearized methods for mixed integer optimal
power flow formulations.

Power system operators are concerned with
maintaining a reliable, low cost supply of electric
power. This involves solving a set of problems re-
ferred to as optimal power flow (OPF), which seek
the minimum cost system subject to a variety of
physics and operational constraints. In practice
many operators rely on the linearized direct cur-
rent (DC) approximation, rather than the non-
linear alternating current (AC) equivalent. While
the classic problems studied are largely contin-
uous, operators face a number of discrete deci-
sions such as switching lines, committing gener-
ation units, transformer tap configurations, and
others.

The majority of the research investigating dis-
crete actions utilizes the DC approximation, re-
sulting in tractable mixed integer linear program-
ming (MILP) problems [1, 2, 3, 4]. However,
the DC linearization makes several approxima-

tions which mean that the solutions are non-physical,

and necessary do not meet the (more realistic) AC
power flow constraints [5]. Furthermore, several
recent works have demonstrated that the DC ap-
proximation sometimes lead to poor integer de-
cisions, which produce no feasible solution [6, 7].
Alternative approaches attempt to solve the AC
mixed integer non-linear programming (MINLP)
formulations, utilizing decomposition [8, 9|, relax-
ations [10], or bi-level formulations [11]. However
these have so far only shown success on small sim-
plified cases. Heuristic search methods have also
shown promise [12, 13, 14], although these typi-
cally involve solving a very large number of AC
OPF problems, so can be prohibitively slow and
expensive.

Many of the limitations of the DC MILP for-
mulations are based on edge cases; for many net-
works and loading scenarios they produce good
results, but in some cases the integer decisions
are infeasible. In this paper, we instead propose
using a method that purposefully explores the DC

MILP solution space, thus increasing the chance
of finding an optimal AC solution. It should be
noted that there exist a plethora of other lin-
earizations, approximations, and relaxations for
the AC power flow constraints [15]. Most research
on integer problems restricts itself to linearized
forms of the equations (due to tractability of in-
teger problems). Solutions to linear programming
problems exist at vertices of the feasible space,
and thus all linearizations push solutions towards
edge cases. The approach described in this paper
can be applied to any such linearization, and we
later discuss some tests using relaxations as well.

Beyond power systems, there are many appli-
cations where integer programs are solved where
some solutions may not be acceptable. Modeling
to generate alternatives (MGA) is a technique for
generating a small number of different solutions
for decision makers to consider [16]. This can
be useful when, for poorly defined reasons hu-
mans may prefer some equally low cost options
over others; for example in cases where some solu-
tions are less politically favorable. In this method
a secondary optimization problem is constructed
which, alongside the original constraints, requires
the original objective function is within a toler-
ance of the optimal. This explicitly searches the
original feasible space for a different solution which
is within a pre-defined tolerance of the original. A
variety of objective functions have been proposed
to find different solutions, and the most classic
are described in greater detail later in Section III.

In recent years, MGA has been applied to en-
ergy sector planning problems [17, 18]. These
works have mostly focused on sizing of genera-
tion, storage, and transmission — for example in
Europe [19], the United States [20], and for global
energy pathways [21]. Energy system planning is
a well-suited to MGA because there can be multi-
ple systems which have similar projected costs but
very different technology mixes. While traditional
optimization approaches will yield only a single
solution, there may be reasons that one solution
may be preferable over the other (e.g. including
more nuclear for political favor and security-of-
supply). To the author’s knowledge MGA has
never before been used for power system opera-



tional problems.

In this paper we instead explore the use of
MGA for transmission system operation. Many
transmission problems include complex constraints
and integer variables, meaning approximations or
relaxations may be necessary. By using MGA to
find multiple similar, but distinct, solutions in the
linearized space, we hope to increase the likeli-
hood of finding an acceptable, high quality solu-
tion. Transmission system operation also often
involves some degree of operator-specific exper-
tise, so presenting multiple possible solutions to
operators may be further desirable. Therefore,
the author believes that there will be further op-
portunities for MGA to improve transmission sys-
tem operation, which extend beyond the specific
problems considered here.

The contributions of this paper can be sum-
marized as follows. Firstly, that we develop an
alternative use case for MGA — where alterna-
tive solutions to the approximate problem are ex-
plored to improve chances of finding a globally
optimal solution. Second, that we demonstrate
this paradigm on both the optimal transmission
switching and unit commitment problems, poten-
tially allowing a suite of previously developed lin-
earized methods to be practically realizable. We
demonstrate that this approach can lead to a high
quality solution much faster than popular heuris-
tic methods. Finally, that we explore the efficacy
of various MGA search criteria on a variety of dif-
ferent networks.

The remainder of the paper is structured as
follows. In Sections 2 and 3 we will introduce
the optimal power flow and MGA formulations
respectively. Section 4 details the proposed im-
plementation of MGA for solution exploration in
the OTS problem. Section 5 details the testing
protocol, used to create the results in Section 6,
and Section 7 concludes the paper.

2. Mixed Integer Optimal Power Flow Prob-
lems

In this section, we describe both the AC and
DC optimal power flow problems in their contin-
uous form. Then we describe example integer

decisions faced by power system operators, and
discuss why MILP formulations may not produce
good results.

2.1. DC Optimal Power Flow

The classical DC optimal power flow problem
(DC-OPF) aims to find the minimum cost opera-
tion of a power transmission network and can be
expressed as:

min

i Z CgDyg (1a)
g
st. 0= pg— > Pe— > pe Vi (Ib)

gEGi iGEio iGEid
pe = be(0., — 0.,) Ve (1c)
— e < p. < P Ve (1d)

Py < pg < pg™ Vg

The objective function (1a) describes the total
costs from generation of power; p, represent piece-
wise linear segments of generation or load which
each come at a constant cost of ¢, $/MWh. Note
that the traditional formulation includes only con-
trollable generation, however here we take a more
modern approach which includes price sensitive
demand. In practice, we can consider three types

of devices: generators, dispatchable, and non-dispatchabl

loads. For generators p, will be positive, for loads

py Will be negative and if the loads are non-dispatchable

min max

py"" = py'*" such that their value is fixed.

The constraint (1b) enforces Kirchoft’s circuit
law, that the net current (here power) into each
node should be zero. The power flowing down
branch e, p., is not directly controllable, but dic-
tated by the physics of the circuit. In this case we
use the DC approximation (1c) which expresses
the power as linear to the difference in voltage
angle between the origin and destination buses.
Finally we enforce generator/load bounds (le) as
set by the devices, and branch flow limits (1d)
which avoid overheating. Although the only con-
trollable variable is device output, p,, we also take
the bus voltage angles, 6, as decision variables to
avoid complex non-linear constraints.



2.2. AC Power Flow Constraints

The DC power constraints make several sim-
plifying assumptions, notably: that all voltage
magnitudes are unity, ignoring effects of reactive
power, and utilizing the small angle approxima-
tion. A more accurate expression for the p. is
found using the AC power flow constraints can be
written as follows:

Pe = Ve, Ve, (besin(Qeo —0,,) + gecos(b,, — 9@d)>
(2)

where v give the voltage magnitudes, and g., b. de-
fine the electrical parameters of the line or trans-
former e. This expression adds significant com-
plexity to the OPF problem; given that v, are
both decision variables, we end up with a quar-
tic multiplication of decision variables as well as
sinusoidal operators. Note that under AC, sep-
arate expressions are also required for the power
flowing into and out of a branch due to losses.

Additionally, we include expressions for the
balance of reactive power, and the reactive power
flowing down a branch:

0= G— > G— Y g Vi
geG; 1€E;, i€E;q

Qe = Ve, Ve, (gesin(é?eo —0,,) — becos(be, — Ged)> ,
(4)

(3)

where ¢, are the (relatively small) reactive power
generation or consumption of devices — these are
bounded decision variables. The added complex-
ity makes it significantly more challenging to solve
the AC-OPF problem, a mixed-integer non-linear
programming problem. Current computational
tools can not solve these problems at realistic scales.

A commonly proposed approach is to optimize
the topology using the linearized model, and then
to run an AC-OPF with the chosen topology. This
approach is later referred to as an AC recovery
problem, as it uses changes in generation and load
to offset the error from the DC constraints. How-
ever, as we will show later, the are cases where a
chosen topology has no feasible solution using the
AC constraints.

2.3. Common Mixed Integer Problems

The formulations described above are continu-
ous, with the decision variables all reflecting quan-
tities which can take a smooth range of values.
In practice, transmission system operators face a
number of integer decisions which also need to be
incorporated into the optimal power flow prob-
lem. Here we describe some common problems,
and discuss why the DC linearization does not al-
ways provide good integer decisions.

2.3.1. Transmission Switching
Optimal Transmission Switching (OTS) extends

the OPF problem to include switching on/off of
lines or transformers. These switches are rou-
tinely used to restore network redundancy after
a component outage, ease congestion, or manage
power quality. The DC-OTS problem can be ex-
pressed as:

Join > egp, (52)
g
s.t. (1b), (1d), (1le) (5b)
Pe < be(be, —be,) + M(1—2.) Ve (5¢)
Pe > be(be, — 0e,) — M(1 —x.) Ve (5d)
- Mz, <p.<Mzx, Ve (5e)
Z Te > min(2, Z 1) Vi (5f)
e€F;o,F;q e€FE;o,Fiq
emin S 96 S emax Ve (5g)

The objective function remains unchanged, but
we have introduced new variables x, which are bi-
nary variables describing whether branch e is on
or off. In addition to the constraints from the
DC-OPF formulation, we include constraints to
enforce the relationship between a branch’s on/off
position and the power flowing down it; (5¢), (5d)
and (be) enforces the logical statement:

Pe = be<eeo - eed) if Te = 1

=0 otherwise

The constraints (5¢), (5d) exploit the common
big-M formulation, where M is a relatively large
number. Where z, = 1 the M term disappears
and we are left with two opposing inequalities



(thus enforcing equality); where z, = 0 the con-
straints become very loose (necessarily inactive
assuming M > p7%*). Similarly, (5e) will enforce
pe = 0 if . = 0 and become inactive if z, = 1.

A common desire when we consider allowing
disconnection of transmission lines is to maintain
connectivity of the network, i.e. to avoid creat-
ing islands (splitting the network into two uncon-
nected grids). In this formulation we include a
heuristic constraint to maintain good connectiv-
ity (5f), which ensures that each non-leaf bus must
be connected to at least two others. This con-
straint is heuristic as it may exclude some non-
island networks. True anti-islanding constraints
are non-linear and are therefore not typically in-
cluded in transmission operation. In general net-
work planning anti-islanding constraints are cre-
ated by iteratively “breaking" islands. Such an
iterative approach could also work here, however
for our examples we found (5f) was both neces-
sary and sufficient to avoid islands as MGA often
favors less connected networks.

Note that in practice, system operators may
also place additional constraints on the allowable
switches — for example, an upper bound on the to-
tal number of switches from the network position
using:

o]

> (ze—al) <P, (6)

e

where 29 is the initial position of branch e and
nT* is the maximum allowable switches. Al-
ternatively, they may wish to prevent particular

combinations of switches using:
Tey + Tey < 1, (7)

which ensures that a maximum of 1 of branches
e1 and ey are switched. A variety of other specific
constraints are possible, but all can be expressed
linearly in = using logic.

2.3.2. Unit Commitment

In the classic OPF problem we assume that
generators can take a continuous range of real
power outputs, from p;”i” to py*. Often, to en-
sure feasibility, it is assumed that py"" = 0. How-

ever, in practice generators have a non-zero lower

bound for the power they can output while main-
taining reasonable quality, below this the gener-
ator must be shut down. The unit commitment
(UC) problem considers which generators should
be turned on, normally over multiple periods. The
single period DC-UC problem can be expressed
as:

Jnin Zg: CqPy (8a)
s.t. (1b), (1d), (1c), (1e) (8b)

Py <Py, Vg (8¢)
Py =Py g Vg,

where z, describes whether each generator is on
or off. These decisions become more important
when the problem is extended to its multi-period
case, due to ramping limits e.g.:

Pge < Pgey + 59 (9)
Dg, > Pgi_1 — 59 (10)

where p,, describes the value of p, at time ¢ and
g is the generator specific maximum ramp in a
single timestep. The inclusion of ramp rates and
multi-period planning significantly increases the
complexity of unit commitment decisions, espe-
cially in systems where the ramp rates are low
and the demand varies significantly.

2.4. Limitations of Mixed-Integer DC Decisions

The DC power flow constraints are a linear
approximation of the AC non-linear equivalent.
More complicated linearizations are available, but
they tend to fit better over small operating regions
but worse over larger load changes [22|. The so-
lutions to linear optimization problems lie at ver-
tices of the feasible space, or intersection of con-
straints. This means that for DC-OPF problems
the solutions typically result in two or more of the
constraints being active: typically either thermal
limits and/or generator upper bounds. However,
the DC thermal limits are an approximation the
solution often includes a set of generator outputs
which are not feasible in AC. For continuous prob-
lems, it is typically easy to apply corrections to
the DC-OPF solution such that it conforms to the
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Figure 1: Solutions to the linearized problem lie on ver-
tices, the distance from the feasible non-linear region will
vary.

AC physics. However, for DC-MILP formulations
the integer decisions are typically fixed and can
(in some cases) result in a zero feasible set.

In practice, researchers and professionals find
that for some networks and loading scenarios the
DC constraints fit well, and the MILP formula-
tions return good results. This is because in some
cases the optimal solution to the DC-MILP ex-
ists at the intersection of constraints which closely
represent the true feasible space. This effect is vi-
sualized in Fig. 1.

3. Modeling to Generate Alternatives

Traditional optimization approaches converge
towards a single solution. This paradigm relies
on the problem having a deterministic objective
function, and well defined constraints. In prac-
tice, objective functions typically contain some
degree of uncertainty regarding cost parameters.
Furthermore, there may be some solutions which
are preferred over others for reasons that are chal-
lenging to define mathematically (e.g. political
favor). There may be a large number of feasi-
ble solutions to the optimization problem which
are nearly-optimal, whose difference in objective is
considerably smaller than the uncertainty in prob-
lem definition.

Modeling to generate alternatives (MGA) is
a method of explicitly searching for alternative,
near-optimal solutions. This allows a number of
options to be presented to a human decision-maker,
who may value some solutions over others for rea-

sons that are hard to express mathematically. There

are two traditional methods for searching for al-
ternative solutions: hop, skip, and jump (HSJ)
and random vector. In this section we will de-
fine these algorithms in reference to the DC-OTS
problems,; as well as proposing two alternative al-
gorithms that may be better suited to the OTS
problem.

3.1. Hop, Skip, and Jump

The most classical MGA search method is re-
ferred to as hop, skip, and jump (HSJ). In the first
iteration of HSJ applied to the DC-OTS problem
can be written as:

f(): er

ecE},
s.t. Z cgpg < Z CoPy + Of
g 9

(1b), (1d), (e), (5¢), (5d), (5e), (5) (1lc)

min
9,]’79,1'5

(11a)

(11b)

where E” is the set of connected branches in the
DC-OTS topology, and pj is the generator/load
outputs at the DC-OTS solution. The objective
function sums the non-zero integer variables from
the previous solution. The intuition behind this
is that it incentivizes solutions not using those
branches. The quality of the solution is main-
tained by (11b), which ensures the transmission
costs must be within d; of the optimal value found
in the original solution. The size of §; will affect
the solution search space, with larger values of-
fering greater exploration but potentially worse
solutions. For this application it is likely that a
value of 4y = 0 would still yield a large num-
ber of potential results. This is because there are
typically large number of topologies that would
support the same mix of generators and demand.
The remainder of the problem constraints match
those from the original DC-OTS problem. For
the DC-UC problem, the objective function (11a)
would change to: gecr Tg where (G, is the set
of generators on in the initial solution.

Once the first iteration of HSJ has been com-
pleted, the problem objective is updated to in-
clude the non-zero elements of the new solution,



as:

fn:fn—1+ Z Te s

ecExn!

(12)

where f,, represents the objective in the n' iter-
ation of HSJ and E}"~! is the set of elements on
in the optimal solution to the n — 1** iteration. In
this way we incentivize solutions which use as few
of the same switched on elements as in our pre-
vious solutions. Crucially, the previous elements
remain (otherwise our third solution would likely
be the original one again). Iterations continue un-
til a non-unique solution is obtained. The search
algorithm can therefore be summarized as follows:

1. Generate initial solution of the original prob-
lem, z.

2. Formulate the initial MGA problem as in
(11) and generate the next solution, ;.

3. Update the MGA objective f, using (12)
and resolve the problem; repeat until either
a repeated solution is generated, or the max-
imum iterations are exceeded.

Below we describe alternate search functions to
update f,,. In these cases the algorithm described
above remains the same.

3.2. Random Vectors

Alternatively, the random vectors approach seeks

to better explore the feasible space, using ran-
domly generated weights:

fn = Zﬂexe

In this approach each iteration of MGA is inde-
pendent, meaning that the problem easily lends
itself to parallel computing. However, there is no
convergence criteria and we do not explicitly seek
to find very different solutions, so sufficient ex-
ploration of the feasible space can take time. In
this paper we implement random vectors using a
pre-defined number of iterations (specifically 30).
However, to maximize the difference the random
weights are generated using latin-hypercube sam-
pling. This is a sampling technique which, given a
fixed number of samples, seeks to cover as wide an

(13)

area of multi-dimensional space as possible [23].
In general we would expect the probability of find-
ing a good solution to increase as we increase the
number of iterations.

3.83. HSJ with Negative Weights

Unlike previous applications of MGA, there
is no summation constraint of the binary vari-
ables in the transmission switching problem. This
means that (as demonstrated later) HSJ is likely
to reward a less connected power networks. This
is not always desirable, as operators typically pre-
fer redundancy in network paths and less con-
nected networks are (anecdotally) more prone to
infeasible AC problems.

Therefore, here we first consider the reverse
strategy: to reward turning branches on which
are not used in the previous solution. This would
have the alternative objective:

fn:fnfl_k Z —Te,

eEE;‘ff

(14)

and we would use the same iterative procedure
and convergence criteria as with standard HSJ.

3.4. HSJ with Zero Bias

In order to maximize exploration, it may be
better to not incentivize either more or fewer to-
tal connected lines; either option will lead to de-
creased diversity of solutions. Instead we propose
a new modification which explicitly doesn’t incen-
tivize a net change in number of lines. We achieve
this by ensuring that each added function would
return a value of zero for a fully connected net-
work. The objective function update takes the
form:

fn:fn—1+ Z ni

* on
eck},

Te — — T
eEEL "ofs
4. Proposed use of MGA for solution ex-
ploration

Traditional MGA applications focus on find-
ing different solutions with similar objective val-
ues. In this application, we propose a different
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Figure 2: Solutions to the linearized DC-OTS problem exist at the vertices of the feasible polygon. However the AC-OTS
problem is higher dimension and bounded by non-linear constraints. Fixing a topology can be thought of as taking a slice
of the AC-OTS space. Taking multiple slices increases the chance of finding a good solution to the AC-OTS problem.

paradigm; the use of MGA to improve the chances
of finding a good solution using an approximate
(linearized) problem.

The infeasibility of DC-OPF solutions stem
from multiple physical processes, including: (1)
the effects of losses are ignored, and (2) voltage
limits are not considered. The first approximation
means that the DC solution necessarily underes-
timates both generation required and the branch
flows, but these are typically < 5% errors and can
often be solved by adjusting generation. The sec-
ond approximation can result in much larger er-
rors; essentially once the voltages are considered
there may be significantly less power that can be
safely routed through a section of the network.
In these cases, changes in generation may be un-
able to solve the infeasibility (especially if ramp-
ing constraints are included, which we have ne-
glected in this paper). However, the voltage limits
only affect some solutions, in [24] it is shown that
the physical properties of the network mean that
only a small number of nodes can experience volt-
age issues. This means that some linearized solu-
tions likely provides a reasonable starting point.

Here we propose the use of MGA for identify-
ing many possible solutions to the DC-OTS prob-
lem with the same, or similar, objective functions.
The logic behind this is that the larger the num-
ber of candidate solutions, the more likely that
one of them is not significantly affected by volt-
age bounds. The proposed process is visualized
in Fig. 2. In the first step MGA is performed
on the linearized DC-OTS problem, identifying
several candidate solutions. Next, for each solu-
tion we enforce the chosen topology in an AC-

OPF problem, this can be thought of as taking
cutting-planes in the higher-dimensional AC-OTS
problem. Finally, the AC-OPF problems are run
to find a local optima within the plane — which in
some cases may be have a null feasible set.

The AC-OPF problems run can be thought of
as a recovery problem — trying to find a feasible
solution from an infeasible starting point. For ex-
ample, for the OTS problem this can be expressed
as follows:

min ; CyPy (16a)
st (1b), (1d), (1e), (3) (16h)
(2),(4) Ye€ E:, (16¢)

Umin < Vi < Umaa (16d)

Note that the line switch decision variables .
has been removed from the problem, but voltage
variables v have been added. Instead of the DC
branch flow expression, we impose the AC one (2)
for all branches that are connected in the chosen
topology. Crucially, we allow the generator and
loads to vary to the full extent of the original so-
lution; this means that the generation and loads
may deviate far from their optimized values, but
that if there is a feasible solution using the chosen
topology it will be found. In practice, given that
there many not be a feasible solution, it is bet-
ter to made at least the thermal constraints soft
— penalized in the objective function. This can
be achieved using additional variables §, > 0 to
describe any violation of the thermal constraint,



such as:

—0e — P2 < pe < P + 0, (17)

These variables are then included in the objective
with large positive weights such that the objective
becomes Y +gc,pg + M " 0., where M > ¢,.
This means that the solver which focus on reduc-
ing violations to zero, and once a ¢, = 0 solution
is achieved, the economic objective is considered.

5. Simulation & Testing Platforms

In this section, we describe the simulation and
testing platform used to assess the performance
of MGA for finding good AC integer solutions —
summarized in Fig. 3. In the first stage we imple-
ment the mixed integer DC-OPF problem (can be
replaced with any other mixed integer lineariza-
tion or relaxation). We then take the constraint
set and objective function from our approximate
solution and form the MGA problem, which gen-
erates a number of alternative solutions (feasible
according to our linear formulations) within a cer-
tain tolerance of our original solution. These can-
didate solutions are then each tested in AC, using
a AC-OPF problem where the integer variables
from the candidate solutions are fixed. In feasi-
ble solutions are discarded, you can continue to
generate more MGA solutions until an acceptable
solution is found.

[Dc-mp}_,[ MGA

Figure 3: Visualization of the process to find AC feasible
solutions

AC-OPF
Recovery
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We implemented the DC-MILP formulations
in Python using cvxpy [25] with Gurobi [26]. Can-
didate solutions generated by the DC-MILP and
MGA iterations are then passed to the AC opti-
mal power flow (AC-OPF) recovery problem. This
was implemented in Cython directly interfacing
with the IPOPT solver [27]. Several, accelera-
tion techniques were deployed including analytic
forms of the Jacobian and Hessian — more details
are in [28].

Network Scen Branches Devices Pmax

*617D1 941 975 2492 2.80
*617D1 942 1097 2492 2.58
*617D1 943 1198 2492 2.43
*617D1 951 975 2492 2.84
*617D1 952 1097 2492 2.64
*617D1 953 1198 2492 251
*617D1 961 975 2492 2.88
*617D1 962 1097 2492 2.71
*617D1 963 1198 2492 2.60
*073D2 991 129 071 3.84
*073D2 992 139 571 3.88
*073D2 996 129 571 3.85
*073D2 997 139 571 3.91

Table 1: A summary of the networks considered from the
ARPA-E Grid Optimization Competition [29]. *C3S4N00
removed from start of network names for brevity.

For testing we utilized networks from the ARPA-
E Grid Optimization competition [29]. This com-
petition aimed to bridge the gap between industry
and academic research on power grid optimiza-
tion; the datasets released represent realistic (but
not real) networks. Specifically we investigated
scenarios from two networks that were flagged
in latter stages of the competition for containing
challenging switching situations. Table 1 summa-
rizes the scenarios considered. The two networks
had 617 and 73 buses respectively, and the scenar-
ios largely varied in terms of branches and ther-
mal limits (all devices parameters were the same).
These networks are especially challenging because
the mixed-integer DC-OPF formulation for both
OTS and UC yields an infeasible set of integer
variables. Note that we tested a large number of
existing networks, including the 14 and 118 bus
networks but these yielded good solutions using
the DC formulation, so do not form good case
studies. We instead focus on these new challeng-
ing case studies.

Note that the OTS problem studied here presents
a subset of the one considered in the ARPA-E
competition. Crucially, we consider only a single
time-step, meaning we plan for the steady-state
position of the network at a single instance in



time. We also remove ramping limits (only appli-
cable to multi-time-step), reserves, tap changes,
and the use of capacitor banks. These later dis-
crete actions lend themselves more readily to con-
tinuous relaxations, and thus we chose to focus on
branch switching.

6. Results

In this section, the results of using MGA to
generate robust integer solutions to mixed inte-
ger problems are presented. We chose to focus
on the OTS problem, given the availability of a
number of networks which the DC-OTS problem
does not generate a feasible result. However, we
also present some analysis for the UC problem.

6.1. DC Optimal Transmission Switching

In the case of transmission switching of large
networks, there will likely be multiple solutions
with the optimal objective value. To see this,
consider that the objective only includes genera-
tion and load costs, and that often connecting or
disconnecting a single line will not interfere with
generator output. Given this nature of the OTS
problem, we implemented d¢ = 0.

We tested each MGA algorithm on each of the
13 networks previously described. For all scenar-
ios, the DC-OTS chosen topology had no feasible
AC solution. This is especially significant given
that in our simulation we allow the maximum
changes to generators in the AC recovery; mean-
ing the is no generator /load configuration that re-
sults in safe voltages and branch loads.

Figure 4 demonstrates the first five topolo-
gies found using each MGA method for a single
scenario (note that all use the DC-OTS solution
in the first iteration). Each row shows a differ-
ent MGA search function, most of which are the
variations of the classic HSJ (which maximizes
distance from the previous solution). We cat-
egorize these topologies according to: infeasible
(no viable solution), overloads (where there are
solutions which satisfy the voltage bounds but
with unavoidable small branch overloads), and
safe (all constraints respected). We see that the
traditional HSJ and random methods do not find
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Figure 4: The chosen topologies for the first five iterations
using each MGA method. The background color demon-
strates whether the solution was: infeasible, had small un-
avoidable overloads, or was safe after an AC OPF.

any feasible solution within the first 5 iterations.
Meanwhile, the negative HSJ and zero sum HSJ
both find feasible solutions. It is not surprising
that the random method is slower to find a feasi-
ble solution, given that each iteration is indepen-
dent so we may end up not moving very far in
the feasible space. The HSJ methods aim to take
very large steps (look for solutions that are max-
imally different) however we see a big difference
according to how we define “difference".

Figure 5 summarizes for each scenario and MGA
method the break-down of the linearized solutions
found in up to 30 iterations of MGA. The red bar
indicates infeasible solutions — topologies which
do not have an AC power flow solution that can
meet the voltage bounds. The yellow bar shows
overload solutions — which have meet the volt-
age bounds but suffer some branch overload. The
plain green bar shows solutions which respect all
constraints, and the striped green bar shows the
subset of these which achieve the optimal cost.

We observe significantly different trends be-
tween the two networks. For the 617 bus net-
work, the HSJ and random vector MGA meth-
ods generate almost exclusively infeasible solu-
tions. The negative HSJ converges quickly (thus
not generating many options) but finds feasible
solutions in all cases. The 617 bus network has
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Figure 5: The breakdown of solutions into AC infeasible,
overloaded, safe, and optimal after (up to) 30 iterations of
each MGA method.

several low capacity lines which are turned of in
the DC-OTS solution, creating a sparse network
with voltage infeasibility (thus biasing more con-
nectivity results in better solutions). The zero-
sum HSJ likewise always finds a feasible solution,
but finds a larger number of solutions compared
to the negative HSJ. On the other hand, for the
73 bus network traditional HSJ and random vec-
tors performed best — each identifying several safe
solutions (although only random vector finds the
optimal solutions). While both the negative and
zero-sum methods converge quickly, mostly with-
out finding a feasible solution. When selecting a
search function for HSJ, many factors should be
taken into account. We should learn from the spe-
cific network and choose functions which provide
a large number of good options (thus quick con-
vergence and many poor solutions are both unfa-
vorable).

To better understand the differences between
the solutions found be each method, Fig. 6 shows
how the number of connected branches varies with
each MGA iteration. Note that this is for a sin-
gle scenario, but this was representative of the
pattern seen across all scenarios and both net-
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Figure 6: How the number of connected (on) branches
varies between iterations of each MGA method on network
617 scenario 963.

works. We see that (as expected) the HSJ algo-
rithm tends to reduce the connectivity of the net-
work with each iteration, while the negative ver-
sion shows the opposite trend. The random vector
method did not tend to significantly change the
number of connected branches, possibly a result
of the random number generation strategy used
which was zero bias. The zero-sum HSJ method
is the only one which explores both more and
less connected strategies. From this we can infer
that the 617 bus networks benefits from increased
connectivity compared to the DC-OTS starting
point, while the 73 bus seems to benefit from dis-
connecting branches from the DC-OTS solution.

Further insight can be gained from looking at
the number of feasible solutions that were found
using multiple methods. If many of the same solu-
tions are found by each method this may indicate
that we are exploring the feasible space well. Fig-
ure 7 visualizes the overlap between the feasible
solutions generated for each scenario. The size
of the circles is linearly proportional to the num-
ber of solutions found, and the amount of overlap
approximately represents the number of solutions
which occupy both sets. For example, for scenario
991 (of the 73 bus network) we see that HSJ man-
ages to find almost all solutions found by other
methods, with all but the random vector method
being a small sub-set.

Again, we see a very different trend between
the two networks. For the 73 bus scenarios (991-
997) there is a large overlap between the solu-
tions recovered by HSJ and random vector (and
the other methods solutions tend to be a subset).
Whereas, in the 617 bus scenarios we see that
most solutions are only found by a single method,
with small (often singular) overlaps between the



941

(D

942

962
»

p w W
’\) ﬂ/ <> &

3 961

4
P
4

\

997
1 HSJO
"] Rand
HSJ-
HS)

Figure 7: An illustration of the overlap between the feasible solutions determined by each method for each scenario.
Note that with circles it is not always possible to display overlap exactly, in these cases the nearest approximation is

used.

617 Bus Network 73 Bus Network

3.00

2.75 4
0.15 4

N
0
=}

Redispatch (p.u.)

e
N
N
v

0.10 -

Devici
N
o
o

ge

0.05 -

ra
=
~
v

Average Device Redispatch (p.u.)

Avel
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have significantly different y-axis.

zero sum and negative HSJ methods. One pos-
sible explanation for this is that the feasible re-
gion for the 73 bus network is smaller (given it
has fewer branches) and thus the MGA methods
have an easier time exploring. However, a more
notable factor is the drastically higher percentage
of solutions which turned out to be infeasible for
the 617 network. To better understand this, we
consider the amount of device (generator or load)
re-dispatch between the DC-OTS and the recov-
ery AC-OPF solutions. Figure 8 shows the distri-
bution of mean absolute device re-dispatch across
all methods and scenarios for each network (note
that the vertical axis has separate scales). This
includes the infeasible solutions — in this case we
consider the re-dispatch that achieves the smallest
sum of violations. It can be seen that, for the 617
bus network, the average re-dispatch is a factor of
10 smaller than the 73 bus network.

Further information can be gained by looking
at the changes to the individual devices, Fig. 9
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shows the distribution of individual device dis-
patch including direction. This shows that the
617 bus network there is a net removal of both
load and generation during re-dispatch, and that
most devices only re-dispatch a small amount (rel-
ative to the average maximum value). Whereas,
in the 73 bus network there are a small num-
ber of devices with a very high increase in out-
put (around 10 p.u.). This demonstrates that the
73 bus network has more flexibility than the 617,
due to the electrical network properties and/or
device parameters. Overall we see that the net-
work strongly affects the performance of MGA;
not just its size but it’s characteristics. For op-
timal performance system operators may need to
develop bespoke search criteria for their specific
network.

The main benefit of the MGA solution explo-
ration approach over previous work is that it com-
bines the speed of linearized approaches, with the
robustness of more exhaustive searching schemes.
Table 2 summarizes the number of solutions, and



average computation time for each stage shown
for each method and scenario. It is notable that
a minimum of eight feasible AC-OTS solutions
were found for each scenario, while none of these
networks had a feasible topology using DC-OTS.
Each iteration of the MGA and OPF is completed
in seconds, allowing many solutions to explored
in near-real time. For both networks the tradi-
tional HSJ method was significantly slower to it-
erate MGA compared to other methods, although
still within reasonable limits. The average AC-
OPF iterations were slower for the methods with
fewer feasible solutions, likely because the prob-
lem becomes less well conditioned once the slack
variables are non-zero.

6.1.1. Comparison against heuristic methods

Here we compare the proposed method against
a popular greedy heuristic algorithm; where the
best single topology switch is found by exhaus-
tion, executed, and then search is repeated. This
algorithm converges when no switch yields an im-
provement, or the improvement of the best switch
is below a pre-defined tolerance. This algorithm
can not guarantee the global optima, but does
guarantee AC feasibility and that the final topol-
ogy is no worse than the initial topology. Figure
10 visualizes how the optimality gap (measured in
dollars of sub-optimality) decreases clock-time for
the greedy algorithm compared to the proposed
method.

For the 617 bus network we see that the heuris-
tic method finds the optimal solution within sec-
onds, while the greedy algorithm takes more than
30 minutes to find a comparable solution. This
is due to the much larger number of AC power
flow calculations that the greedy method needs
to execute — each iteration requires n. calcula-
tions, while in the proposed method there is only
one AC power flow solution per iteration. For the
73 bus network we see that the proposed method
converges within two seconds, but does not find
the globally optimal solution. Whereas the greedy
algorithm finds a superior solution in around 30
seconds (in this case the AC power flow calcula-
tions are less costly due to the smaller network).
This demonstrates that the proposed method con-
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Figure 10: A comparison of the convergence time of the
proposed method to a greedy heuristic algorithm, where in
each iteration the single best line switch is found through
exhaustive search.

verges orders of magnitude faster than this exist-
ing heuristic, although better solutions may be
found with more exploratory search criteria.

6.2. DC Unit Commitment

We believe that MGA may be useful in a va-
riety of integer decisions where the MILP formu-
lation may lead to infeasible solutions. Here we
demonstrate the application of MGA to the DC
unit commitment problem. Using scenario 991 of
the aforementioned 73 bus network we used MGA
to search for alternative single-timestep dispatch
scenarios. Unlike in OTS,; it is unlikely that many
dispatch solutions with the same objective func-
tion exist, so we consider two values for delta,
$100 and $10,000. The Random Vector search al-
gorithm was chosen in order to maximally explore
the solution space.

Figure 11 visualizes whether each bus becomes
a net generator, load, or junction (as a reminder,
we have dispatchable demand as well as supply
in this case). Only unique dispatches are shown
(the random vector algorithm sometimes gener-
ates repeated solutions). We see that the num-
ber of distinct solutions increases significantly for
larger tolerances. For the $100 case (equivalent
to ~0.002% tolerance) only five distinct solutions



Network Scenario 7 Feasible Solutions Average MGA Time (s) Average OPF Time (s)
HSJ HSJ- HSJO Rand | HSJ HSJ- HSJO Rand | HSJ HSJ- HSJO Rand

C354N00617D1 941 0 ) 5 0 2.07 029 034 029 | 214 120 1.39 1.40
C3S4N00617D1 942 0 4 6 0 1.76  0.27  0.36 030 | 226 1.29 1.1 1.61
C354N00617D1 943 0 5 10 0 1.96 0.41 0.46 0.38 | 2.09 1.34 1.47 1.70
C354N00617D1 951 1 6 14 2 2.10 031 043 028 | 209 119 1.56 1.43
C354N00617D1 952 0 4 18 1 1.78 0.40 0.40 032 | 243 128 145 1.59
C354N00617D1 953 0 5 16 0 201 028 039 035|208 133 148 1.69
C3S4N00617D1 961 1 ) 8 3 2.07 026 0.30 0.27 | 215 1.18 1.40 1.37
C354N00617D1 962 0 4 8 0 1.92 027 0.34 0.31 | 2.34 1.33 1.40 1.55
C354N00617D1 963 0 3 6 3 1.89 027 040 035 | 213 136 154 1.76
C3S4N00073D2 991 22 1 3 21 | 008 004 005 005|034 027 025 024
C354N00073D2 992 23 0 0 20 | 011 005 0.05 005|021 025 026 024
C3S4N00073D2 996 24 0 5 21 0.08 0.04 0.05 0.05 | 0.23 0.27 0.23 0.24
C354N00073D2 997 22 0 0 20 0.11  0.05 0.05 0.05 | 0.23 0.26 0.26 0.25

Table 2: For each of the tested networks: number of feasible solutions found before convergence or the 30th iteration
(whichever was soonest), average time to compute each MGA solution, and average time to validate the solution in AC.
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Figure 11: A visualization of the generator dispatch sce-
narios discovered for two objective sensitivity values.

were found, whereas for $10,000 (~2%) 50 solu-
tions were found.

In this case, the DC-UC problem produced an
AC feasible solution. However, there are cases
where the thermal limits interfere with the DC-
UC solution; overall 43 of the 55 generated dis-
patch solutions were feasible. Feasibility becomes
more challenging in the multi-period problem, in
which case the percentage of dispatches which are
feasible is likely to be smaller.
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6.3. Applications to other linearization or approx-
1mations

In this paper we presented the OTS and UC
problems using the DC linearization method. How-
ever, there are a large number of alternative lin-
earizations, approximations, and relaxations to
the AC optimal power flow problem. The pro-
posed approach can be used to increase robustness
of any of these approaches. The author has tested
the method using the Jabr relaxation [30], which
is a convex relaxation of the AC OPF problem. As
a relaxation, the problem retains the global opti-
mal solution but increases the feasible region, and
thus may yield a solution which is not AC feasible.
We found the benefits to be less pronounced than
with the DC linearization because (1) the Jabr re-
laxation is much slower than DC and so iterating
with MGA is costly, and (2) the Jabr relaxation
is more robust, so the integer solutions are less
often infeasible. Therefore, while any approxima-
tion or relaxation that includes integer variables
could be used with MGA, we expect that linear
approximations should see the greatest benefit.

7. Discussion & Conclusions

This paper investigated the use of modeling
to generate alternatives (MGA) to improve the
success of linearized mixed-integer OPF problems.



Specifically, we considered the optimal transmis-
sion switching (OTS) and unit commitment prob-
lems. We investigated the use of two classical
MGA methods: hop, skip and jump (HSJ) and
random vector, as well as proposing two novel
modifications to the HSJ method. Here we con-
sidered two realistic networks that had challeng-
ing transmission switching solutions, where DC-
OTS yielded an infeasible solution. Each network
had multiple scenarios, where only the available
branches and their limits was altered, a total of
13 scenarios were tested.

We showed that in every scenario we were able
to find several good AC-OTS solutions using one
of the MGA methods. This is significant, given
that in all cases the DC-OTS solution was in-
feasible. However, the performance between the
MGA methods varied significantly between net-
works. One network (with 73 buses) appeared
to have a large amount of flexibility, and bene-
fited from removing lines compared with the DC-
OTS solution. In this case we found the best
performance with the traditional MGA methods
(HSJ and random vector). The other network was

highly constrained, and benefited from adding branches.

In this case, the traditional methods failed to find
a good solution, while the newly proposed meth-
ods (negative and zero-sum HSJ) found a vari-
ety of good solutions. Further work is needed to
understand how MGA methods can be selected
based on network parameters.

While the approach proposed can be applied
to any approximation or relaxation of the AC
power flow constraints, it hinges on the tractabil-
ity of approach used. For the mixed-integer prob-
lems considered, even the simplest current lin-
earizations may not solve for large networks with
many integer variables.
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